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ate damping and source terms
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Abstract. In this article we consider a coupled system of nonlinear
Klein-Gordon equations with degenerate damping and source terms. We
prove, with positive initial energy, the global nonexistence of solutions
by concavity method.
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1. Introduction
We consider the following system

U — Auy — div (|Vu|0‘_2 Vu) — div (\Vut|ﬁl_2 Vut)

tar g™ g+ mau? = fi (u,v),
(1.1)
vy — Avy — div <|VU\O‘_2 Vv) — div (|V1}t|ﬁ2_2 Vvt)

+ag o] "% vy 4+ mav? = fo (u,0),

where u = u (t,z), v = v(t,z), z € Q, a bounded domain of RN (N > 1)
with a smooth boundary 092, t > 0 and a4, as, b1, ba, m1, mg > 0 and [,
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B2, m, r > 2, a > 2, and the two functions f; (u,v) and f5 (u,v) given by
f1(u,v) = by |u + v]2PHD (u 4 v) + by|ulPulv|Pt?)
fo(u,v) = bilu+ 0P (u 4 v) + bo|ul P2 v]Pv.

The system (1.1) is supplemented by the following initial and boundary con-
ditions

(1.2)

(u(0), v(0)) = (ug,vo), (ue(0), v¢(0)) = (uy,v1), @ €
{ u(z) = v(z) = ) (1.3)

Originally the interaction between the source term and the damping term in
the wave equation is given by

u — Au+ alug]™ ?up = bluf’ " u, in Qx(0,T), (1.4)

where Q is a bounded domain of RN, N > 1 with a smooth boundary 052, has
an exciting history. It has been shown that the existence and the asymptotic
behavior of solutions depend on a crucial way on the parameters m, p and
on the nature of the initial data. More precisely, it is well known that in the
absence of the source term |u|” ~2 4 then a uniform estimate of the form

lue Dl + [[Vu @), < C, (1.5)

holds for any initial data (ug,u1) = (u(0),u.(0)) in the energy space Hg (Q) x
L?(Q), where C is a positive constant independent of t. The estimate (1.5)
shows that any local solution u of problem (1.4) can be continued in time
as long as (1.5) is verified. This result has been proved by several authors.
See for example [2, 4, 6, 14, 19, 20]. On the other hand in the absence of
the damping term |us|™ % u, the solution of (1.4) ceases to exist and there
exists a finite value T such that

i ()], = +oo, (L6)

the reader is refereed to Ball [1] and Kalantarov & Ladyzhenskaya [5] for
more details. When both terms are present in equation (1.4), the situation is
more delicate. This case has been considered by Levine in [9, 10], where he
investigated problem (1.4) in the linear damping case (m = 2) and showed
that any local solution u of (1.4) cannot be continued in (0, c0) x € whenever
the initial data are large enough (negative initial energy). The main tool
used in [9] and [10] is the ”concavity method”. This method has been a
widely applicable tool to prove the blow up of solutions in finite time of
some evolution equations. The basic idea of this method is to construct a
positive functional 6 (¢) depending on certain norms of the solution and show
that for some v > 0, the function 6~7 (¢) is a positive concave function of .
Thus there exists T such that tgr%l*H_V (t) = 0. Since then, the concavity

method became a powerful and simple tool to prove blow up in finite time
for other related problems. Unfortunately, this method is limited to the case
of a linear damping. Georgiev and Todorova [3] extended Levine’s result to
the nonlinear damping case (m > 2). In their work, the authors considered
the problem (1.4) and introduced a method different from the one known
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as the concavity method. They showed that solutions with negative energy
continue to exist globally 'in time’ if the damping term dominates the source
term (i.e.m > p) and blow up in finite time in the other case (i.e.p > m)
if the initial energy is sufficiently negative. Their method is based on the
construction of an auxiliary function L which is a perturbation of the total
energy of the system and satisfies the differential inequality

dL (t)

dt

In [0,00), where v > 0. Inequality (1.7) leads to a blow up of the solutions
in finite tim ¢+ > L (0)™" ¢~v~1, provided that L (0) > 0. However the blow
up result in [3] was not optimal in terms of the initial data causing the finite
time blow up of solutions. Thus several improvement have been made to the
result in [3] (see for example [7, 8, 13, 17]. In particular, Vitillaro in [17]
combined the arguments in [3] and [8] to extend the result in [3] to situations
where the damping is nonlinear and the solution has positive initial energy.
In [18], Yang, studied the problem

> EL' (t) (1.7)

we — Auy — div (|Vu|o‘72 Vu) — div (\Vut|572 Vut)

(1.8)
+a |u,5|m_2 uy = blu|P~2u,

in (0,7) x  with initial conditions and boundary condition of Dirichlet
type. He showed that solutions blow up in finite time 7™ under the condition
p > max{a,m}, a > 3, and the initial energy is sufficiently negative (see
condition (44) in [18][Theorem 2.1]). In fact this condition made it clear that
there exists a certain relation between the blow-up time and |©2|. ([18], [Re-
mark 2]).

Messaoudi and Said-Houari [11] improved the result in [18] and showed that
the blow up of solutions of problem (1.8) takes place for negative initial data
only regardless of the size of Q.

The absence of the terms mju? and mgv?, equations (1.1) take the form :

Uy — Auy — div (|Vu\a_2 Vu) — div <|Vut|ﬂl_2 Vut)

+ay |ud " 2w = f1 (u,v),

vy — Avy — div (|Vv|o“72 Vv) — div (|Vvt\ﬁ272 Vvt>
+as |Ut|r_2 v = fa (u,v),

In [15] Rahmoun. A and Ouchenane. D proved the global nonexistence re-
sult, Under an appropriate assumptions on the initial data and under some
restrictions on the parameter ; 81;82; m; r and on the nonlinear functions f;
and fs.

2. Preliminaries

In this section, we introduce some notations and some technical lemmas to
be used throughout this paper. By ||.||;, we denote the usual L?()-norm.
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The constants C, ¢, ¢y, co, . . ., used throughout this paper are positive generic
constants, which may be different in various occurrences. We define

F (u,v) = by |u+ o2 4 2by jun|P 2]

o
2(p+2)
Then, it is clear that, from (1.2), we have

uf1 (u,v) +vfa (u,v) =2(p+2) F (u,v). (2.1)
The following lemma was introduced and proved in [12]

Lemma 2.1. There exist two positive constants ¢y and ¢y such that

(W22 + P 0*) < P () € gl (02 + [o2042)

Co <
~2(p+2
(2.2)

2(p+2)

The energy functional is given by

1 1 « o
E®) = 5 (llezell3 + llvel3) + - UIVullg +1Volly)
2 2
[l +m ol = [ F (u,0)do. (23)
Let us define the constant 7, as follows
Na . . .
Ta =5 , if N>a, ro>aif N=a, andrqa =00 if N < a. (2.4)
-«

The inequality below is the key to prove the global nonexistence of solution.
A similar version of this lemma was first introduced in [16]

Lemma 2.2. Suppose that o > 2, and 2 < 2(p + 2) < ro. Then there exists
n > 0 such that the inequality

2(p+2)

2 2 @ «@
lu -+ vl543) + 2lluvlo 3 < (IVullg + Vo), (25)

holds.
Proof. Tt is clear that by using the Minkowski’s inequality, we get
[+ vll50p 12y < 2(0ull5(pp2) + 10115¢p12))s
the embedding W, * < L2(°+2) (Q) gives
2 2
[ull3ps2) < ClIVulZ < CIVull)® < C([Vullg + [Voll2)=,
and similary, we have
« «@ 2
[0]13p12) < ClIVullg +11Vollg) =
Thus, we deduce from the above estimates that

e ay2
lu+vl3 a2y < CUVully + [V0lI5) =, (2.6)
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also, Holder and Young’s inequalities give

[uvll(pr2y < llullagor) [0ll2¢042)
< CIVull3pra) + IV0l5012))
< C(Ivullg +[velld)®. (27)
Collecting the estimates (2.6) and (2.7), then (2.5) holds. This completes the
proof of Lemma 2.2 O

Lemma 2.3. Let v > 0 be a real positive number and L be a solution of the
ordinary differential inequality

dL (t
O 5 enre ), 29
dt
defined in [0, 00) .
If L(0) > 0, then the solution ceacesto exist for t > L (0)" ¢ tv~L.
Proof. Direct integration of (2.8) gives
L7V (0) = L7Y(t) > &ut.

Thus we obtain the following estimate
1

LV (t) > [L7V(0) — &vt] . (2.9)
It is clear that the right-hand side of (2.9) is unbounded when
Eut=L""(0).
This completes the proof. O

In the following lemma, we show that the total energy of our system is
a nonincreasing function of ¢.

Lemma 2.4. Let (u,v) be the solution of system (1.1)-(1.3), then the energy
functional is a non-increasing function for allt > 0

dE (t)
dt

= —Vuel = Vel = [IVuell 3 — V0|52
2 2
—a|lug| = azlloels —m? ull; — m3|v]3.  (2.10)

Proof. We multiply the first equation in (1.1) by u; and second equation by
vy and integrate over €2, using integration by parts, we obtain (2.10). (I

3. Global nonexistence result

In this section, we prove that, under some restrictions on the initial data and
under som restrictions on the parameter «, 81, 82, m, r, then the lifespan of
solution of problem (1.1)- (1.3) is finite
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Theorem 3.1. Suppose that 51, fo, m,r > 2, a > 2, p > —1 such that
B1, B2 < a, and max {m, r} < 2(p+2) < ro, where r, is the Sobolev critical
exponent of Wy'® (). defined in (2.4). Assume further that

E(0) < B, (IVuolla + Vwoll2)™ + mf [[uoll3 +m3 lwoll5 > G-

Then, any weak solutions of (1.1)-(1.3) cannot exist for all time. Here the
constants By and (1 are defined in (3.1).

In ordre to prove our result and for the sake of simplicity, we take
b1 = by = 1 and introduce the following

B¢ : B)) 2?2@;{2) 1 1
B = 20T —B¥iDa,  B=(-- o (31
7 ) G , 1 (a 3+ 2)> ¢ (3.1

where 7 is the optimal constant in (2.5).
The following lemma allows us to prove a blow up result for a large class of
initial data. This lemma is similar to the one in [16] and has its origin in [17]

Lemma 3.2. Let (u,v) be a solution of (1.1)-(1.3). Assume that o > 2,
p > —1. Assume further that E (0) < Ey and

(IVuoll& + Ve |2 +m3 [luoll; +m3 [[vol3 > ¢1- (32)
Then there exists a constant (3 > (1 such that
1 2 2
(IVullg + IVolla)® +mi ullz +m3 [lv]l; > ¢, (3.3)
and )
[+ 0ll5073) + 20wl 53] 7772 = Bé, v = 0. (3.4)

Proof. We first note, by (2.3) and the definition of B, that

1 «@ o 2 2
E®) = —(IVullg +Vol3) +mi [Jull 4+ m3 [lv]l3
1 2(p+2 2
TP [|u—|—v| (P+2) 4 9 |yt }
1 2 2
2 —(IVullg +1Vollg) + m3 (ully +m3 (o]l
n 2(p+2)
20 +2) ([IVullg + IVollg) ™=
1 n 2(
> —ea_ T 2p+2) .

where ¢ = [[|Vul|2 + [|[Vo[|& + m? ||ulls +m3 |Jv]|5] = . It is not hard to verify
that ¢ is increasing for 0 < ¢ < (1, decreasing for { > (1, g({) = —o0 as

¢ — +o00, and
1., B2(p+2)

where (; is given in (3.1). Therefore, since E (0) < Ej, there exists (2 > (1
such that g (¢2) = E'(0).

<12(p+2) = E17
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o «@ 1 2 2
If we set Go = [[[Vu (0)[|§ + [[Vo (0) la]* + mZ [[u (0)[5 +m3 [[v (0)[[5, then
by (3.5) we have g ({o) < E(0) = g (¢2), which implies that {y > (.
Now, establish (3.3), we suppose by contradiction that

L 2 2
(IVuolls + IVeollg) ™ 4 m3 [luolly +m3 [lvolly < o,

for some ¢y > 0; by the continuity of [|[Vu (.)[|% + ||[Vo () |2+ m3 |lu ()||§ +
m2 ||v (.)||> we can choose to such that

1
(IVu (to) llg + Vo (to) 1) +m3 [lu (to)ll3 +m3 llv (o) 5 > G-
Again, the use of (3.5) leads to
E (to) = ¢ (|Vu (to) 12 + Vo (to) 1) +m3 |u (to) | 5+m3 llv (to) |5 > g (C2) = E(0).
This is impossible since E (t) < E(0), for all t € [0,T). Hence, (3.3) is

established.
To prove (3.4), we make use of (2.3) to get

1 (0% (o7
— (IVuoll + [ Vvoll5) + m? luoll3 +ms3 [lvoll;
1 2(p+2) +2
<EO)+ 505 [+ 0ll503) + 2lwellf 53]
Consequently, (3.3) yields
1 2 2 1 a [e]
s oy et elis +2llstE] 2 S Vel + Vel - B (0)
1
> —(F—E(0
>~ -E0)
1
> 8- 9(c) (36)
_ B2(+2) 2(p+2)
20042077
Therefore, (3.6) and (3.1) yield the desired result. O

Proof. (Of Theorem 3.1.) We suppose that the solution exists for all time
and set

H({t)=FE—E(t). (3.7)
By using (2.3) and (3.7) we get

H(t) = [[Vueld+IVoe + Va5 + Vo |2

2 2
+arlluelliy + azllvelly +mi ully +m3 [lvll; -



8 Djamel Ouchenane, Zineb Khalili and Fares Yazid

From (2.10), It is clear that for all t >0, H' () > 0. Therefore, we have

1 2 2
0<H©O <HE) = Bi— (Il + lorl3+m? ful} -+ m3 [o])
1
— = ([|[Vu||¢ Voll%
o (IVaullg +11Voll,)
2(p+2)

1 2
+m [Ilu + ol + 2||uv||212} . (3.8)

From (2.3) and (3.3), we obtain, for all ¢t > 0,

1 ) N
By — 5 (Il + ool + md lully + m3 [0]3) = = (IVuls + 1V])

1
< FEy— (0 =— * < 0.
1o G

2(p+2)

Hence,

1 2(p+2
O<HO)SH) < 5 [||u Tl ¢ 2||uv||gig} LVt > 0.

2(p+

Then by (2.2), we have

2(p+2) 2(p+2
0<HO) <H() < 2(p+2) [H ul35 + [l ||2p+2} VE>0. (3.9
We then define
L(t) = H' () + & / (utty + vor))da, (3.10)
Q

for € small to be chosen later and

1 oa—m oa—r
Vo< “<mm{2 2+ m-1) 2+ (r—1)°
(= 2) a— B3 a— P
2012 20+ 2) (B~ 1)’ @+m0%n}'(3”’

Our goal is to show that L (¢) satisfies the differential inequality (1.7). Indeed,
taking the derivative of (3.10), using (1.1) and adding subtracting ekH (),
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we obtain
L'(t) = (1—0)H 7 (t)H (t)+ekH (t)
k
ve (145 ) (o + Dol 0 o)
+e(1— k)/ F (u,v) — ekE; (3.12)
Q
—5/ VuVutdx—a/ VoVudz
Q Q
k « (63
e (== 1) (IValg + [Vel)
—5/ |Vut\ﬁ172 VutVudm—e/ |Vvt|ﬂr2 Vv, Vudz
Q Q

—eal/ \ut\mﬁ utudm—aaz/ |'Ut|r72 vevda.
Q Q

We then exploit Young’s inequality to get for p;, A;, 6; > 0i=1,2

1
[ vuTude < S 9l 4 [Tl
Q 4

1
/ VoVude < T HV’UH% + p2 ||Vvt||§ , (3.13)
Q H2
and
[ vl Vuds < M g + By 6 gy,
u —_ u ,
Qo e & By ! then
g
2

_ AZ2 .
/|wt|52 ' Vodz < Hwngg&ixﬁ/% DIwuel5, (3.14)
Q Ba Ba

and also

m’

_ o7 m—1 __ _
[t e < 3 P

r— 6T T r—1 —r/(r— T
[l vde < 2 ol 4+ O . @15)
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A substitution of (3.13)-(3.15)) in (3.12) and using (2.2) yields
L'(t)y > (1—0)H " (t)H (t)+ekH (t)
k
we (15 ) (Il + ol 4 2l + 3 o]2)

co B key 2(p+2) pt2)\
" (2(P+2) 2(p+2)) (H ||2(p+2)+|| |\2(p+2)) ekFEy

5 2 £ 2 2
IVl = e Vel — o [Vl — ep |V
I IVull5 — e ||V |3 s Vol[5 = epz [Vl

k « «
te ( - 1) (IVul© + [9])

)‘IBI ﬁl -1 _ 1 1—1
-5 IVullgt — e/ O | | 5

B1
B2 =1 _5,/(8,-1) e
—aﬁ& A AN 4
5m _1 —m/(m— m
—are [l — are o, fu|
5 T rT— m
—aze2 o] — age T =L/ Nl (3.16)

Let us choose 91, 02, 1, 2, A1, and Ao such that

5™ = My H (1)
62*7”/(7‘*1) = MyH=° (t)
= MzH™° (t)
(3.17)
pe = MyH™ ()

)\ B1/(B1—1) __ = MsH™° ()

Ay B2/(B2—1) _ = MgH (t),

for My, My, M3, My, M5 and Mg large constants to be fixed later. Thus, by
using (3.17),and for

M = Mz+My+ (61— 1)Ms/Br+(B2—1) Mg/ B2+ (m—1) My /m~+(r—1) My /r,
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then, inequality (3.16) takes the form
L'({t) > (1—0)—eM)H°(t)H (t)+ckH (t)

k 2 2
v (145 ) (o Dol + o al + m ol2)

Co . kCl 2p+2)
" (2 (p+2) 2(p+ 2)) (””H2 + ”“||2<p+2))

k o (a3
ek e < - 1) IVl + Vo))

o € o
~ng T OVl = 7 H O 190

a1€ m—1 o(m— m
——M< HED (1) |||
m
a2€ r—1 o(r— r
2220y Y HOCSD () o

T

M= (B1—-1)
g5 pgo-D (t) ||V“||gi
1
M—(ﬂz—l)
—56THUW2—1> (t) | Vull5 . (3.18)
2

We then use the two embedding
L2 (Q) < L™ (Q), Wy < L*P2) (@),
and (3.9) to get

o(m— m 20(m—1)(p+2)+m
22D (@) Julle < ea(ully(y, VT
20(m—1 +2) m
o5ty 2 5y 2)
< e[|Vl tm Do

+ Vo270 DEED gy ™). (3.19)

Similarly, the embedding L2 (Q) «— L™ (), Wy'* < L2*+2 (Q) and
(3.9) give

o(r— r 20(r 1 —+2)+7r
HU D @) ol < es(lollay,

20(r—1 +2
Hllullatas 2 10l15 4 2))

< C3(HV'UHZU(T 1)(p+2)+r

Va2 DEED 1 gy|n). (3.20)

Furthermore, the two embedding Wy < L2r+2)(Q), L*(Q) — L3*(),
yields

o 2 20 2 2 20(p+2 2
HO @ Valy < e (Jullg %Y 1Val} + o305 19ul3)

ea (IVulZr %2 4 9o 2@ | vul?), (3.21)

IA
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and

IN

o 2 20 2 2 20 2 2
HO @) Voll; < es (1Tl | 9o)2 + 90270+ [ wo)2 )3.22)

es (IVull27+2 [ Wo) + [Fo] 27024

Since max (S, f2) < a then we have

HOB=D () [Vu|ft < ep(||Vaul 20D ) vy

20 —1 2
+ |Vl 27D g
_ CG(|‘VU‘|?(BI_1)(9+2)+BI

+ ([ Vo 27 EDEE) gy By (3.23)

and

IN

o (|| Vul 272D+ | gy 22
+ |Vl 27 DR gy 22
= or(||Vu 2PV |y 22
([ Volpr PR - (3.24)

H77 (1) |Vl 3

for some positive constants co, 3, ¢4, ¢5, ¢g and c7. By using (3.11) and the
algebraic inequality

2 <(z+1)<(1+2)(244a), V2>0,0<v<1,a>0. (3.25)
We have, for all t > 0,
[Vul 27D < (| Tu))d + H (0) < d(|Vulls + H (£)
IVl 27D < q (V|| + H (1))
IVul27H2%2 < d (|Vull2 + H (1)
(3.26)

V0| 27022 < 4 (||| & + H (1))

[V 20 P05 < g (| V|| + H (1))

[V 272D 240 < (W0 + H (1)),

where d =1+ 1/H (0).
Also keeping in mind the fact that maz(m,r) < a, using Yong’s inequality,
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the inequality (3.25) togrther withe (3.11), we conclude

[Vl 270D g7 < O (VoS + [ Vull2)
[V 270~ | o|n < C(Vullg + [Voll2)
V9[22 | Va2 < C (V0] + 1Vul|)
3.27
IVl [Vol2 < C (IVullg + [ Vol|2) o

[V 275 DEE2 gy |5 < O (| Vo] + [[Vull?)

[Vl 20D 170|122 < O (| V)l + [[Vol|2),

where C' is a generic positive constant. Taking into account (3.19)- (3.27),
then (3.18) takes the form

L'(t) > (1—0)—eM)H " (t)H (t)
k
v (15 ) (1l + ol 4 m -+ m3 o])

te([k/a—1-kE( ] — oMy ™D —cmy Y
C ¢

4 4
—CMg 7Y 1) (| V) + [ Vol|%)

M3_1 o M4—l o CM;(Bl_l)

C

_ C
M -

te (k —coMm; Y —omy Y - S My

_CMS*(ﬁlfl) _ CMg(ﬁz*U) H (t)

Co key 2(p+2) 2(p+2)
e (2 (h+2) 200+ 2)> (rulls3) + el 13) - (3:28)

for some constant k. Using k = ¢o/c1, we arrive at
L'(t) > (1—0)—eM)H° (t)H (t)
Co 2 2 2 2 2 2
e (14 2 ) (Pl o+ ol + m2 3+ o13)
c ¢
4 4
—eM; O — o Y 1) (| Vullg + 19012

—(m— —(r— C — C —
+€(co/cl—CM1( VoMY - gt - 2t

+e (c My oMy Y - vt - =t

4 4
e e L AOF (3.29)
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where ¢ = k/a—1—kF1(;? = co/ (c1a) —1—(co/c1) F1éy 2 > 0 since ¢ > (.
At this point, and for large values of My, My, Ms, My, My and Mg, we can
find positive constants A; and Ay such that (3.29) becomes

L) > (1-0)-Me)H (1) H (1)

Co 2 2
b (14 2 ) (Fuel o+ ol m2 3+ o3)
C1
ey (|[Vulls + IVo||S) + el H (). (3.30)

Once My, My, M3, My, M5 and Mg are fixed (hence, Ay and Aj), we pick €
small enough so that ((1 — o) — Me) > 0 and

L(0)=H"7(0)+ / [uo.ut + vo.v¢) dz > 0.
Q
From these and (3.30) becomes
' 2 2
L(t) > eD(H () + [luel3 + loell3 + mi [lully +m3 [|v]l;
+[Vullg + 1Voll)- (3.31)
Thus, we have L (t) > L (0) > 0, for all ¢ > 0. Next, by Holder’s and Young’s
inequalities, we estimate

1

( /Q wuy () da + /Q v (1) dx)l‘”

T _Ss _T _Ss
< (Il + Vel + 10T + 107 )
_T _Ss _T _Ss
< C’(HVué”-%HuﬂB”-%HVvHé“-Fle5”>7 (3.32
f+1Wtk 2(1—0), to get —— — —2
or — - = e take s = ag O ge 170_—1720_.
By usmg (3 11) and (3.25) we get
2
1—-20 o
Ivuldt =27 < a(ivule + 1 @),
and
_ 2
1-2
1ol ™27 < a(Ivol + B @), vt > 0.

Therefore, (3.32) becomes

( /Q woy (2, 1) dz + /Q vy (2, 1) dx)lia

< O(|Vul|& + [[Voll2 + [l + [lod]12
+m? |[ull; +m3 |v]5 + H (t)),t > 0. (3.33)
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Also, since
1

(1-0o
(u.ug +vovy) (x,t) dz)

i = (0w >

1
(1-0)

IN

AV:IOR

/ (g (2,1) + vy (2,1)) da
Q

< CH () +[[Vullg + [IVollg + lluel3 + lvel3
+mi Jully +m3 o]l3], vt > 0. (3.34)
Combining withe (3.34) and (3.31), we arrive at

/ 1
L (t) > agL1-c (t), Vt > 0. (3.35)
Finally, a simple integration of (3.35) gives the desired result.This completes
the proof of Theorem (3.1) O
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